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STATISTICAL EXPERIMENTS WITH A TWO-LANE FLOW MODEL 

1.  Introduction 

In a recent paper (4) one of the authors has discussed a theoretical model 

for lane changing when two or more lanes of traffic are travelling In the same 

direction and passing and lane changing is allowed.  In that paper the author 

assumed that the traffic stream could be identified as a compressible fluid 

obeying the equation of continuity. 

3k    3q 

-- + — = ?2lU^   -V*'0 (la) 

ak   3q 

—+ — ■P12(x»t) -^'^ (lb) 

In this model P1„(x,t) and P-.Cx.t) are the lane-changing functions which 

describe the transfer of vehicles from lane 1 to 2 and lane 2 to 1 respectively. 

It was assumed that the lane changing functions could be written in the form 

P12(x,t) = ak^(x,t)(k  - k2(x,t)) (2a) 

P21(x,t) = ßk^x.tHk^ - k^x.t)) (2b) 

and that the equations of state q ■ ^^i an^ Qn  " ^9V9 hold in each lane.  k. 

and k« are upper bounds for densities in Irne 1 and lane 2 respectively. A 

theoretical justification of Equation (2) and solution of Equation (1) are the 

subject of the earlier paper; it is the purpose of this paper to give some 

experimental verification for the choice of the lane changing functions in 

Equation (2). 

Before we discuss our experiments we should mention that the model was 

originally proposed for high-velocity, low-density travel in two adjoining lanes 



of a four-lane freeway where vehicles were essentially unrestricted in making 

passing maneuvers and lane changes. While these situations can lead to high lane 

flow rates the number of lane changes which are made in a short length of roadway 

may be relatively small compared to the flow rate.  One soon finds that a 

deterministic model, such as that suggested in Equations (1) and (2) does not 

easily lend itself to a situation where statistical samples are difficult and 

expensive to obtain and where the time periods over which such data can be 

collected do not insure that the laws of large numbers will give stable and 

meaningful averages. 

Consequently we decided that we should experiment with a probabilistic model 

in which vehicle numbers play the key role and in which the number of vehicles in 

a small length of roadway is a random variable selected from a probability distri- 

bution which is stationary in time and space. We assume moreover that vehicle 

velocities are random variables independently selected from a common stationary 

probability distribution.  The trajectory of each vehicle in a space-time diagram 

is assumed to have a constant slope and it is this slope which is the random 

variable we have just described. 

There are essentially two ways in which our lane-changing model could be 

tested experimentally.  The first would be to use the results of one test site to 

estimate the parameters a and ß and then further use these values to estimate flow 

rates and lane changing functions at a new test site. The new theoretical 

estimates and the experimental values of lane-changes could be compared for 

goodness of fit. 

A second way of using the experimental data is to compare results with 



predictions of a statistical model of (2) which is independent of the scale 

parameters a and ß.  The stochastic equilibrium model proposed in Section (2) was 

developed with this purpose in mind.  Section (3) describes the site and physical 

characteristics of the traffic experiments and Section (A) discusses certain 

procedures followed in estimating space mean speeds and coefficients of variation 

cf stream velocities and flow rates.  Section (5) is a summary of the results 

which we have obtained. 



2.  A Stochastic Equilibrium Model 

We assume that the measurable quantities in our experiments, i.e. flow rates, 

number of lane changes and speeds, are random variables.  In order to test the 

validity of the lane-changing model we study a version of Equation (2) which 

incorporates statistical properties we feel are relevant to the process. 

Let AX be defined as the fractional deviation from a mean value of the 

random variable X.  Then, every quantity of the model can be redefined as follows; 

Kl  = K^l f AK1) ;  K2 » K^l + AK2) 

P12 = Pi2(l + AP12) ; P21 = ?21(1 4- AP21) 

(3) 
Q1   = Q^l + AQ^ ; Q2 = Q2(l + AQ2) 

Vl = ~1(1 + AV1) ; V2 = ^(1 + AV2)* 

With this notation, K., Q. , P«,, V., etc., are expectations while AK. , AO., 

AP0T,  AV , etc., are random variables having zero expectation and non-negative 

variance.  We now assume that the lane changing functions 

Pi2 = aK^(K2. - K2) (4a) 

P21 = ßK2(K   - K1) (4b) 

and the fluid flow equations 

Q1 = V1K1 ;  Q2 = V2I<2. (5a,b) 

are independent cf position or tine.  In other words we assume an equilibrium 

condition on a long flat road free of entrances and exits. 

If the fractional changes in densities and flow rates are small and we can 



2   2 
neglect (AK., AK ) AK., AK? and higher order terms we obtain 

P21 = ßK^K^ - K^ - ßK^d + AK2)
2(K  - ^(1 + AK^) (6) 

- ßK2(K1    - KpO + 2AK2)  - ßK^K.AK. + higher order terms 

*  ^(K1.  - K1)(l +  2AK2)   -  ßK^AKj^. 

Taking expectations and variances of both sides gives 

E[P21]   = P21 =  6K2(K       - K1) (7a) 

Var[P21]  = 4ß ^(k      - K^   Var[AK2]  + ß K^K^ Var A^ (7b) 

-  4ß2K2K1(K1    -  K1)   Cov   [AK^  AK2] 

—      _2 
Since Var   [AP21]  -  (P21)       Var   ^J»  we can divide both sides of Equation  (7b) 

—2 
by P„1  to obtain 

I2 
2 1 

E[AP21] = Var [AP21] « A Var [AK2] + ~—j Var [AKj^] (8a) 
(Klj-Kl) 

- 4 (K^ - K^ Cov [AKr AK2] 

The variance of  lane changes  from 1  to 2 are given by  the similar expression 

i2 
2 2 

E[AP12]  = Var  [AP12]   =  4 Var   [t&A  +      _    2 Var   [AK2] (8b) 

2\   ~  ^2 

^2 
-  4 — Cov   [AK   ,   AK   ] 

21   ~  ^2 



At this point we have related small statistical fluctuations in lane-changes 

to rluctuations in lane densities.  It now remains to find expressions for lane 

density fluctuations in terms of velocity and flow rate fluctuations.  If the speed 

of each vehicle is assumed to be constant but distributed over  (0, 0D) with 

expectations  V , V-, and variances Var (V.) and Var (V„), then 

E[K1] = K1 - E 
Ql1 ; Var [K^ = Var  — . 

3y assuming small fluctuations about their respective mean values we have 

Q^l+AQp   Q] 
Ki = Ki(l+AK1) = 

V^l+AVp   V1 
~ (1+AQ1-AV1) + 0(AQ1, AV1) 

Squaring both sides and taking expectations gives 

E[AK^] = Var [AK ] = Var [AQj + Var [äV^  - 2  Cov [AQ , AV^^]. 

Similarly for lane 2 densities, 

(9a) 

VAR[AK0] = Var[AQ2] + Var[AV9] - 2 Cov [AQ2, AV,]. (9b) 

The variance of lane changing flow rates can now be obtained by substituting 

these expressions for Var[AK ], Var[AK-] and Cov [AK , AK-] into Equations (8a, b) 

The result we obtain is 

Var[AP21] = {4 Var[AQ2] + 4 Var[AV2] - 8 Cov[AQ2, AV2]} 

K2 

(Klj   "  Kl) 

1 _    2  iVar[AQ1]  + VarfAVj  - 2  CovfAQ^  AV^j 

(10) 
4K 

K1J " Kl 

—  iCov[AQ1, AQ2] - Cov[AQ2, AV^^] 

- Cov[AQ1,AV2] + Cov[AV1, AV2]} 



In equilibrium, we expect  the terms  involving variances of  flow rates  and speeds e 

well  as  Cov  [AC^,  AQj,   Cov   [AC^,  AVJ,   Cov   [AQ2,   AV2]   and Cov   [AV  ,   AVJ   to be 

large.    On the other hand,   vehicle densities are  small compared to K       and we 

expect  small values  for Cov   [AQ.,  AV?],   Cov  [AQ   ,   AV   ].     Neglecting  terms 

2 
involving       "*" _ and Cov  [AQ.,  AV2]     and   Cov   [AQ-,   AV, }    we  obtain  the 

Kl 

K1J- 
Kl 

approximate expression 

Var[AP21J  i  {4 Var[AQ2]  + 4 Var[AV2]  -   8 Cov[AQ2,  AV2] (Ha) 

4K 
~-  (Cov[AQ1, AQ2] + Cov[AV1, AV2))} 

Klj " Kl 

Similarly, 

Var[AP12] - |4 Var[AQ1] + 4 VarUV^ - 8 Cov[AQ , AV^] (lib) 

4K 
 IT (Cov[AQ  AQ ] + Cov[AV  AV ])} 

Klj " K2 

An important aspect of Equations (10) and (11a,b) is that they are independent ot 

the constants of proportionality a and ß.  In other words it is possible to 

test the specific functional assumptions made in Equation (4) without having to 

obtain numerical estimates of the unknown parameters a and ß. 



experimental Sites and Collection of Data 

In order to test the models proposed above, an experiment was made on 

December 14, 1964 on the Nimitz Freeway (State Route 17) near San Leandro, 

Ca lifornia. The imitz Freeway is a four-lane divided freeway and is ue~rly flat 

a t t he chose site. The southbound direction was used so that the test site could 

be l oca t ed at r easonable distances from entrances and exits. We felt that the 

'i mitz Fr eeway l o a tion represented equilibrium conditions. 

The experiment mainly used manual observations, because previous attempts to 

~se mechanical detection and recording equipment& proved unsatisfactory. Student 

observers we r e employed as t~mporary help. Although none of them had had previous 

traff i c counting experience, we spent some time explaining the nature of the experi­

ments and t he need for accurate counts. We made every effort to check the 

ccnsistency of f l ow data; for example several observers were asked to independen ly 

reco r d thP. ame data. The observers, using hand tally counters, counted 15-

mi nut e l ane £~ow volumes and 15-minute lane changes. For the purpose of obtain i h5 

l ane changi ng f l ow r a t es, the test site was divided into small observation sect i ons , 

ea~h of whi ~h was appr oximately 1/4 mile long. The lengths of the observation 

sec t i ons were i ntended to be small enough for stationarity assumptions to hold , 

ye t l arge enough to give meaningful sample sizes; however, th~precise location was 

la ~gely controlled by the availabi l ity of large natural objects, such as traffic 

s i gns, f or the identificdt i~n of the s ection. 

Fi gur e 1 is a s chematic profile and plan diagram of the experimental site on 

t he Nimitz Freeway . A, B, C mark the beginning of Section 1 (0.22 mile), Section 2 

(0.28 mi le) and Section 3 (0.33 mile) respectively. Data collected during the 

8 



experiments was punched on cards and processed on an IBM 1620 computer.  For 

purposes of computer coding, time periods are numbered 1-15. The time at the 

beginning of the period is indicated in column 2 of Table 1. Vehicle counts were 

made at location A to estimate lane flow rates in time periods 3-15.  These data 

are coded in Table 1, columns 3-9.  Lane changes were counted in all three sections 

in time periods 1-15.  These are recorded in columns 14-19 where the arrow head 

indicates direction of transfer.  For example 1 -> 2 signifies those vehicles 

transferring from lane 1 to 2.  It was assumed that a vehicle transferred at that 

point in space and time when all wheels crossed the lane line. 

Spot speeds were obtained by two speed radars, each radar being used to 

obtain speeds in one lane.  Speeds were measured at A; the average and variance 

of the space mean speeds are recorded in columns 10-13 of Table 1. We assumed 

that vehicle velocities were constant for all three sections. 

At no point in the experiment were densities measured directly.  Flow rate 

and velocities of each lane were used to estimate a point density value through 

the state equation q = kv.  The density value for a section was the average of 

the two point density estimates at the beginning and end of each section.  In 

Section 1, for example, the estimate for K„ of Equation (3) is given by 

Q^A)  Q (B) 
K = 1/2 (K (A) + K (B)) = II2(^  + ^ ) 

V2(A)   V2(B) 

where we  use   the convention  X(A)   to  denote  the  estimate  of  X at  the point  A.     In 

order  to  obtain values  for  lane   flow  rates  at  the  end  of  each section a  cumulative 

count  of   lane   flow was made  at   the  beginning of  the  section and  added  to   the net 

transfers within the  section. 



Although we do not distinguish between the effects of cars and trucks in this 

report the data was collected in such a form that separate vehicle counts were 

made.  Since this may prove to be of some value to later investigators we have 

decided to report the data as it was collected. However, we stress the fact that 

only total vehicle counts were used to compute flow rate, densities and lane 

changes in this report. 

10 



4.  Statistical Analysis of Data 

The models used in this study require the estimation of sample means, 

variances and covariances.  One of the first problems which arises is estimating 

the space mean speeds of vehicles from data which measures their time speeds.  As 

we have already mentioned, we used radar devices to measure the time it takes each 

vehicle to traverse a small fixed distance at a known location.  However, the 

speeds used in our model should be found by measuring the distance each vehicle 

moves in a small time interval.  It is well known (') (2) that the expectation and 

variance of time (subscript t) and space (subscript s) speeds are related as follows 

EJV] « (Et[ ^ I)"
1 (12a) 

Var   [V]  - Eo[V]E   [V]   -   (E   [V])2 (12b) 
s St s 

-Et[V](Et[^])-1  -   (Et[^)-2 

E(—)  is known as the harmonic mean of the random variable X.  It follows from 
A 

discussions in the following paragraphs that if we obtain samples of the time 

t  (=l,2,...n) for the i1-" vehicle to traverse a unit distance we use an estimator 

(A notation) 

1 n 1 
Vt 'nih^ (13a) 

1 n     1 
V = (- .1. t. (13b) 
s   ^n i=l iJ 

for the time and space mean speeds.  Before we discuss our choice of statistical 

estimators for other traffic variables we should mention that there is no attempt 

to demonstrate that they are unbiased. Rather we chose what on intuitive grounds 

11 



seem to be simple but good estimators. 

Let  X be a random variable with expectation E[X) = X.  We have defined LX 

by AX = — - 1  (Equation (3)).  Therefore AX is also a random variable with zero 

expectation and variance, 

Var[AX] ' E[AX2] = (X)"2 Var[X] = C2, (14a) 

where C  is known as the coefficient of variation of X.  If Y is another 
x 

random variable following some other unknown statistical distribution and AY  is 

defined in the same way as AX, we also know that 

Cov[AX, AY] « E[AXAY] - (XY)"1 Cov[X, Y] (14b) 

In this paper, we used the following estimators for expectation, variance and 

covariance: 

"   1 n 

X = - .^ Xi (15a) 

;x = ^riMxi-x)2 (15b) 

%-^ii(xi-x)(Yi-Y) (15c) 

X is the estimator for the mean a  is the estimator for the variance and o 
x xy 

is the estimator for covariance.  X.  and Y  are the i^     observations of the 

random variables  X and Y and n denotes the sample size. 

Because the true population mean X is unknown,  AX was redefined in our 

experiments as 

AX = X - 1. (16) 

12 



Although the sample mean of AX is zero the expectation of AX defined in this 

way may not be equal to zero. For the calculation of o  , we used the estimator: 

n      ' 2   n  2 

Ax   x   2 n-1 n-1 
A       A 

where C  is the estimate of the coefficient of variation.  To estimate 
x 

Cov[AXAY], we used the estimator 

o       1    n      ^      « 
oA A  = TT

1
 - rr—  .^(X. - X)(Y. - Y). 

AxAy  XY   XY(n-l) i-1  i      i 

13 



5.  Experimental Results and Conclusions 

The data collected in periods 3-11 of Table (1) were used to verify 

Equations (11a,b).  Since speeds were only measured at location A, the comparison 

of theoretical and experimental values for lane changes were only made in Section 1, 

The lane flow rates of Section 1 (periods 3-11) were found by averaging the flow 

rates measured at location A and B.  The estimates for means, variances and 

covariances for all traffic parameters lifted in Table 1 were obtained as described 

in Section 4.  These estimates appear in Tables (2a,b).  V,Te substituted the appro- 

priate expressions for velocity and flow rates in Equations (11a,b) to obtain the 

theoretical estimates Var[AP  ] - 0.03651 and Var[AP J « 0.05267.  Using the 

observed data for actual lane changes in Table 1 we obtained estimates: 

Var[AP  ] = O.OA073 and Var[AP  ] - 0.05373.  Furthermore, the terms which we 

had decided to neglect i'l Equations (11a,b) turned out to be small in comparison 

to these variance terms.  Based on these results we believe that the proposed 

relation. Equation (2a,b), between lane changes and vehicle densities is confirmed 

for low to medium densities. 

To further test the two lane model, the constants  a and 3 used in the 

lane changing model were estimated for Section 1.  Knowing that the right hand 

(4) 
sides of equations (la,b) equals 0 in equilibrium   we have 

aK1(K2 -K2) = SK^K -K1) (18a) 

independent  of position or  time.     Equation   (18a)   together with  the  equation   for 

the  conservation of  f'ow, 

Q.   + Q2 = VjK,   + V2K2  -  constant (18b) 

14 



can be used to solve a cubic e^aation for K  and K .  Multiplying K  by V 

and K? by V , we obtained the equilibrium flow rates Q  and Q .  These 

equilibrium flow rates can then be compared with the actual flow rates of Section 1. 

For the total constant flow rate of 2128 vph, it was estimated that the equilibrium 

flow rates were 1174 vph in lane 1 and 954 vph in lane 2, 

for a = 0.004587 mile2/(veh.2-hr),  ß = 0.00425 mile2/veh.2-hr) , K,, = 200 veh./hr, 

and K„. = 160 veh./hr.  If this result is compared with the lane flow rate in 

Section 1 of the Nimits Freeway, it can be seen that Section 1 was indeed quite 

close to its predicted equilibrium split. 

As mentioned in an earlier paper, the absolute values of a and ß are 

probably not significant but their ratio yb/o.    is an indicator of lane preference. 

In particular if  ß ■ 1, drivers find lanes equally preferable, if ß<l lane 2 is 

preferable to lane 1 and vice versa if  ß>l. The values, of  a and ß calculated 

from the Nimitz experiments give a ratio y " 0.927 which indicates a slight 

preference for the outer lane (2). 

In the low to medium density stream conditions that we observed we believe 

that lane changing maneuvers belong to the class of rare events.  If this is true 

it is possible to have observation sections of length  ex, and observation periods 

of length  6t, small enough so that 

Lim 
„ ProbjP > 1 I 6x, 6t} > 0 

6x, 6t* 0     l      i   »   J 

where P is the number of lane changes in such a section during the time period 

of length 6t.  Let q be the probability that there is one lane change, and  1-q 

the probability that there is no lane change.  Then 

15 



q = Pr;P = 1 I 6x, 6t[; 1-q = Prjp - 0 | 6x, 6t}. 

V'hen the number of lane cnanges depends on the length of highway and the 

length of the observation time, Lim q -» 0 as  öx, 6t ->■ 0.  If the length of a 

highway section is  x and the number of lane changes in it is to be observed for 

a period of time  t, then it is possible to divide the highway of length x into 

n = x/ix small observation sections and the time t into m = t/6t small 

observation periods.  The total number of lane changes will be the sum of the 

outcomes of these n  x m samples.  If the probability of this total number of 

lane changes is binomially distributed, £s  6x, 6t -♦ 0, nm ->■  00, the distribution 

of the number of lane changes approaches the Poisson distribution having the well 

known property that the variance to mean ratio :s one.  In Table 3 we have shown 

the variance to mean ratios oi lane changes and while we have not attempted to 

test the significance of these ratios we feel that the agreement is good. 

16 
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Section 1 (Periods 3-11) 

X X 
A2 A2 
ox 0

6X 

1264.89 ~~~R. YIDh 
2 

Ql 19115.13 0.011947 HOUR 

863.11 ~~i YIDh 
2 

Q2 4815.13 0.006464 HOUR 

MILES MILES 2 
vl 55.83 HOUR o. 7132 HOUR 0.000229 

MILES MILES 2 
v2 45 • 71 HOUR 1.9905 HOUR 0.000952 

256.57 ~~HR VEH. 2 
p21 2680.99 MI-HR 

0.0407 34 

335.27 :~HR VEH. 2 
pl2 6102.48 MI-HR 0.053727 

Kl 22.66 :~E --- ---

K2 18.ss ~~E --- ---
' TABLE 2a: ESTIMATES FOR MEANS AND VARIANCES 

Section 1 (Periods 3-11) 

Cov ( Ql. Q ) • 
2 0.005902 Cov ( Q2 . V2) • -0.001228 

Cov ( Vp V2) • -0.000084 Cov ( Q1' V2) • -0.000464 

Cov ( Ql . V1) • -0.000885 Cov ( ~ 2 . v 1) • -0.000988 

TABLE 2b: ESTIMATES FOR COVAR!ANCES 

15 Min 
Lane- Section 1 Section 2 Section 3 
Change Variance Variance Variance Volume Mean Variance Mean Mean !Variance Mean 1 

.. ~an Variance Mean 

p21 14.93 

p12 19.00 

10.81 o. 728 27.7 39.43 1. 735 29. 3( 

16.50 0.868 27.2i 21.98 0.806 22. 8(] 

TABLE 3: MEAN AND VARIANCE OF LANE CHANGES 
(Tiae Perioda 1-13) 

20 

56.90 1.942 

30.62 1.343 
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